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APPLICATIONS OF THE DUALITY BETWEEN THE COMPLEX 
MONGE-AMPERE EQUATION AND THE HELE-SHAW FLOW 


JULIUS ROSS AND DAVID WITT NYSTROM 


Abstract. We give two applications of the the duality between the complex Homoge¬ 
neous Monge-Ampere Equation (HMAE) and the Hele-Shaw flow. First, we prove exis¬ 
tence of smooth boundary data for which the weak solution to the Dirichlet problem for 
the HMAE over x B is not twice differentiable at a given collection of points, and also 
examples that are not twice differentiable along a set of codimension one in P^ x OB. 
Second we discuss how to obtain explicit families of smooth geodesic rays in the space of 
K^ler metrics on on P^ and on the unit disc B that are constructed from an exhausting 
family of increasing smoothly varying simply connected domains. 


1. Introduction 

The purpose of this paper is to give two applications of previous work of the authors 
that describes a duality between a certain Dirichlet problem for the complex Homogeneous 
Monge-Ampere Equation (HMAE) and a free boundary problem in the plane called the 
Hele-Shaw flow HD. First, for any finite set of points in x 9D, where D C C denotes 
the unit disc, we give examples of smooth boundary data for which the weak solution to 
this Dirichlet problem over P^ x D is not twice differentiable at these points. We also 
produce such examples that are not twice differentiable along a set of codimension one 
in P^ X i9D. Second, we use this duality to produce families of regular solutions to this 
Dirichlet problem over the punctured disc , giving explicit families of smooth geodesic 
rays in the space of Kahler metrics on P^ and on D. 

1.1. Regularity of the Dirichlet prohlem for the HMAE over the disc. The setup for 
the first application is as follows. Fix a chart 0 S C C P^ with coordinate z and let w 
denote the Fubini-Study form. Choose a Kahler potential (jj G C°°(P^), by which we 
mean w + dd'^cj) is a Kahler form, and let TTpi : P^ x D —P^ be the projection. Consider 
the envelope 

■i/) : P^ X D —>■ M U {— 00 } : il) is use, + dd'^ip > 0 
and ipiz, t) < (j^irz) for (z, r) € P^ x 9D 

which is the weak solution to the Dirichlet problem 

$(z, r) = (/>{rz) for (z,t) G P^ x 9D, 

TTpio; + > 0, 

(TTpiW + dd'^^Y = 0- 

The following is a preliminary version of what we shall prove: 

Theorem A. Let 5” be a union of finitely many points and non-intersecting smooth curve 
segments in P^ \ {0}. Then there exist Kahler potentials such that the above weak solution 
$ to the HMAE is not twice differentiable at any {t~^z, t),z G S, |t| = 1. 
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The question of regularity of solutions to the HMAE has a long history, and has proved 
to be a difficult problem that depends subtly on the boundary data (see, for example, Lem- 
pert na, Bedford-Demailly m or Block! |[3l)- As is well known, if D is replaced by a 
closed annulus in C, and is replaced by any Kahler manifold X, the above Dirichlet 
problem with -invariant boundary data corresponds to finding a geodesic segment in the 
space of Kahler potentials on X (and similarly if D is replaced by the punctured disc 
it corresponds to finding a geodesic ray). The regularity of these geodesics has been of 
intense interest ever since this space was considered by Mabuchi 031 Semmes fT2\ and 
Donaldson jTl. However it is only since the relatively recent work of Lempeit-Vivas ifTSl 
and Lempert-Darvas oa that we have known that it is not always possible to join two 
potentials by a geodesic segment that lies in the class C^. 

What we have here is similar in spirit, but is in a sense stronger that the result of 
Lempert-Vivas in that we are able to prescribe the location of the singular locus (which 
need not consist of isolated points), as well as see exactly how the regularity fails; we are 
not aware of any similar result in the theory of the HMAE in which this precise information 
about the weak solution is available, other than the toric case EOlEIl. 

What permits us to have such a good understanding of the singularities of $ is the 
connection with the Hele-Shaw flow. To define this, suppose (X, w) is a one-dimensional 
Kahler manifold, which we will usually take to be either P^ with its Eubini-Study form 
wfs, or the open unit disc D C C with the Poincare form ojp. In the first case we use 
the convention that P^ has area one (of course the Poincare metric on the disc has infinite 
area), so 

V := f w S {1, cxj}. 

Jx 

The unit disc has the origin as a distinguished point, and when X = P^ we fix a point that 
we denote by 0 G P^. 

Given any (j) G C°°(X) (if X is noncompact we also assume (f) to be bounded) such 
that w + d(F(j) is a Kahler form, the Hele-Shaw flow consists of an increasing collection of 
sets 

C X for f G (0, V) 

such that Hi has area t with respect to a; -f dcFcj). It is defined by setting 

Hi := {z G X : 

where 

'0t := sup{'0 : ij} is use and ij} < (j) and w + dd'^ij: > 0 and I'oi'ip) > t}. 

By this we mean the supremum is over all upper semicontinuous (use) functions i/i : X — 
KU{—oo} with these properties, and r'o(V’) denotes the order of the logarithmic singularity 
(Lelong number) of '0 at 0 G X. 

What is provec0in ifT^ is that this flow is intimately connected to the weak solution 
$ to the Dirichlet problem for the complex HMAE on X x D with boundary data the 
pullback of (/) to X X 9D and a certain prescribed singularity at (0,0); in fact tpt is the 
Legendre transform of $. Moreover there is a simple way to transform between $ and $, 
and thus each contain the same information as the Hele-Shaw flow (we shall recall this in 
more detail in Section]^. 


'strictly speaking only the case that X = is considered in O, but the proof works for X = B. 
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To state our first result more precisely we need to consider flows of sets that develop 
singularities in a particularly simple way. Let S be the union of finitely many points and 
non-intersecting smooth curve segments in \ {0}. 

Definition 1.1. We say that the Hele-Shaw for uj + dd‘^(j) develops tangency along S if there 
exists a T S (0,1) such that (1) fit is smoothly bounded, simply connected and varies 
smoothly for t < T and (2) is simply connected and dflx is the image of a smooth 
locally embedded curve intersecting itself tangentially precisely along S (see Figure[2l. 



Figure 1 . Developing tangency along S 


Theorem B. Let (j) e be a Kahler potential and suppose the Hele-Shaw for 

oj + dd‘^(j) develops tangency along S. Then the weak solution $ from Q to the Dirich- 
let problem for the HMAE on P^ x D with boundary data {z, r) i—>■ (j>{Tz) is not twice 
differentiable at the points {t~^z, t), z G S, |r| = 1. 

We note that actually we know more, and from the discussion below it will be apparent 
that there is an explicit open set in P^ x D on which $ smooth. With more work it may be 
possible to describe precisely where (and how) $ fails to be twice differentiable, but we 
shall not consider that further in this paper. 

It remains to comment that to get Theorem from Theorem we have to show that 
given such a set S it is possible to find a Kahler potential whose Hele-Shaw flow develops 
tangency along S. To do this we first choose as in Definition |L1| and we aim to And a 
Kahler potential for which we can understand the Hele-Shaw flow backwards for a small 
time, say for t G [T — e, T]. As is well known in the Hele-Shaw literature it is not normally 
the case that the strong Hele-Shaw flow exists backwards in time starting at some 
(for instance if w is analytic then a necessary condition is that ilx has analytic boundary). 
However, using a previous result of the authors M, we shall see that this assumption is 
not necessary as long as one allows a (smooth) modification of the area form near (said 
another way, we make a smooth modification of the permeability that governs the flow). 
We may then shrink Ht-c down to 0, and expand out to oo, so as to obtain a flow of 
sets with properties that ensure that it is the Hele-Shaw flow for some Kahler 

potential that can be constructed from the flow. Details can be found in Section]^ 

Families of Geodesic Rays. As already mentioned, the weak solution to the Dirichlet 
problem for the HMAE over the punctured disc with S'^-invariant boundary data is by 
definition a weak geodesic ray in the space of positive potentials on A. If this solution is 
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regular (by which we mean it is smooth and strictly w-plurisubharmonic along the hbres 
over D^) then it gives a genuine geodesic in this space, i.e. a smooth geodesic in the 
space of Kahler metrics. For this reason regularity of the weak geodesic ray is of interest, 
and following m we know that on and D, this regularity is intimately related to the 
topology of the Hele-Shaw flow. To state our theorems in the simplest way, let let B{t) 
denote the geodesic ball in X centred at 0 with area t taken with respect to the metric w. 

Definition. Let a G [0, V]. We say that a collection of subsets of X is stan¬ 

dard as t tends to a if there exist e > 0 such that 

ilt = B{t) for \t — a\ < e. 

Theorem C. Let X = P^ or X = D and suppose the flow Hele-Shaw {f^t}tG(o,y) for a 
Kahler form uj + dd‘^(j) satishes 

(1) {fit}tG(o,t/) is smoothly bounded and varies smoothly with non-vanishing normal 
velocity, 

(2) fit is simply connected for all t G (0, V), 

(3) ifX = pithen{Ht} te(o,v) is standard as t tends to 1. 

Then the weak geodesic ray obtained as the Legendre transform of the Hele-Shaw en¬ 
velopes {'i/'t} is regular, and so dehnes a smooth geodesic ray in the space of Kahler metrics 
on X. 


Of course, for this theorem to have any content we must be able to provide examples of 
potentials (j) for which the Hele-Shaw has these properties. An interesting case of this is 
given by a result of Hedenmalm-Shimorin: 

Theorem HS. (Hedenmalm-Shimorin ifTOl ) Let {X,ui) = (D,a;p) and suppose that </> is 
taken so that the Kahler form ujp dd'^cj) is analytic and hyperbolic. Then the Hele-Shaw 
flow {Hi} for UJ -f dd^cj) is smoothly bounded, smoothly varying, and simply connected for 
all t G (0, oo). 


Another class of examples can be constructed from an observation due to Berndtsson 
(following a question of Zelditch) which says that any reasonable smooth increasing family 
of simply connected domains is the Hele-Shaw flow for some smooth Kahler potential, see 
(we observe that what we then get for P^ turns out to be essentially the same 


3.1 


Theorem 

geodesic ray as that described by Donaldson l|6] p24]). 

Of course it is trivial to construct families of domains {Ht} that satisfy the required 
hypotheses, and thus combining with Theorem]^ gives an easy way to construct explicit 
families of smooth geodesic rays in the space of Kahler metrics on P^ (resp. on D). In 
particular we have that any hyperbolic analytic Kahler metric on D is the starting point for 
some canonical smooth geodesic ray. 
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2. The Hele Shaw Flow 

2.1. Definition and Preliminaries. Suppose {X,uj) is a one-dimensional simply-conn¬ 
ected Kahler manifold and cj) G C°°{X) n L°°{X) is such that := tu -f dd‘^<j) is Kahler. 
Let V := € (0, oo] and fix an origin 0 G X. We use the convention d^ = — d) 

so dd^^ log |zp = (5o- On we always having in mind a chart 0 G C C P^ with coordinate 
z so the Fubini-Study metric ujps has local potential log(l + |zp) on C giving P^ area 1. 
We let dA denote the Lebesgue measure on C. 

Definition 2.1. For t G (0, V) set 

ipt ■= sup{'0: X KU {— oo} : ip is use and tp ^ uj + dd'^ip > 0 and i^o{'ip) > t}. 

Here vq denotes the Lelong number at 0, so vq{4’) ^ t means that tp{z) < f In |zp + 
0(1) near 0. As the upper semi-continuous regularisation of ipt is itself a candidate for the 
envelope defining ipt, we see that ipt is use. 

Definition 2.2. For t G (0, V) set 

ilt ■= {z € X : tptiz) < (piz)}. (2) 

It is easy to see that if p is replaced hy p + h for some harmonic function h then pt is 
replaced by pt + h. Thus depends only on 

Definition 2.3. (Hele-Shaw flow) We refer to collection of sets {Hi} 4 g(o,u) ^s the Hele- 
Shawflow associated to {X, uj^) and the collection {pt}t^{oy) as the Hele-Shaw envelopes 
associated to (X, uj^p). 

Remark 2.4. What we have called the Hele-Shaw flow is often called the “weak Hele- 
Shaw flow”. If (a, b) C (0, V) we will also refer to the subcollection {^t}tG(a,b) as the 
Hele-Shaw flow and similarly for the envelopes. 

We first record some basic properties of this flow: 

Proposition 2.5. 

(1) Qt is an open connected set containing the origin for all t G (0, V). 

(2) drit has measure zero. 

(3) pt is on X \ {0}. 

(4) 

= (1 - Xnt)^<p+t^o 

in the sense of currents. Here XA denotes the characteristic function of a set A, 
and <5o the Dirac delta. 

(5) For t G (0, V) we have 



Proof. This is standard material for the Hele-Shaw flow, and the details are given in lfT9l 
Proposition 1.1] (the cited reference is for X = P^, but the same proof applies for D or C). 
By uniformization, X is conformally equivalent to one of these three, which is enough to 
prove the statement in general. □ 

Our next Lemma says that the Hele-Shaw flow is local, by which we mean depends 
only one the restriction of to a neighbourhood of Xlf 
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Lemma 2.6 (Locality of the Hele-Shaw Flow). Let X' <Z X be an open simply-connected 
set containing 0. Suppose ui^ and uj^ are Kaliler forms on X such that (j)\xi = 4 '\x' 
and denote the Hele-Shaw flow for (X,uj^) and {X,uj^) by Lit <^nd Lit respectively (and 

similarly for tjjt ond ipt). 

Then 

Lit = ond ijjt = ' 4 ’t <^■5 long as Lit X'. 

Proof Define 7 to be equal to fit on X' and equal to (/> on X \ X'. Since Lit is relatively 
compact in X' we see that y = f = fan X'\Llt. Clearly 7 < </) on X', so as (fx' = f\x' 
we have 7 is bounded above by f and clearly oj + (id'^7 > 0. 

Hence 7 is a candidate for the envelope defining ft giving y < ft- Thus 

ft\x' < ft\x'- 

This implies X' \ Lit C X' \ HJ. So as Ll't is connected by Proposition |2.5| and intersects 
Lit (they both contain the origin) we must actually have Lit' C Lit- In particular, Ll't i® 
relatively compact in X', so we may run the argument with Lit and Ll't swapped to conclude 
Lit C Ll't- □ 


2.2. The Strong Hele-Shaw flow. We shall also need the notion of a strong solution to 
the Hele-Shaw flow. We shall only consider this in the plane, so suppose {,) is a 

smooth increasing family of domains of C. By this we mean each Lit is smoothly bounded 
and varies smoothly, so locally dLlt is the graph of a smooth function that varies smoothly 
with t. So if n denotes the outward unit normal vector field n on dLltg for some to, then for 
t close to to we can write dLlt = {x -\- f(x, f)nx '■ x G for some smooth function 

ft{x) = f{x,t) on dLltg that is positive for t > to and negative for t < to- Then the 
normal velocity of dLlt^ is defined to be 


Vt„ ■-= 


dt 


Now assume also each Lit contains the origin. For each t let pt{z) := —Gq^(z,0) 
where Gq^ denotes the Green’s function for Lit with logarithmic singularity at the origin. 
Thus 

= 0 on dilt and Apt = — 60 - 

The statement that pt exists and is smooth on \ {0} is classical (this follows immediately 
from regularity of the Dirichlet problem for the Laplacian (e.g. Ifm Proposition 1.3.11]) 
which can be found, for instance, in 10 Chapter 6 ]). We also fix a smooth area form 77 on 
C which we write as 

77 = —dA 

K 

where dA is the Lebesgue measure and k is a strictly positive real-valued smooth function 
on C. 


Definition 2.7. (Strong Hele-Shaw flow) We say that ;,) is the strong Hele-Shaw 

flow if 

Vt = —KVpt on dLlt for t G (a, b) (3) 

where Vt is the normal velocity of dLlt- 

Remark 2.8. The strong Hele-Shaw flow has an interpretation as the flow of a fluid moving 
between two plates in a medium which has a permeability encoded by the function k, under 
injection of fluid at the origin (see in for a discussion, and also fSl for a comprehensive 
account of the subject, which for the most part considers the case where k = 1). When 
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necessary to emphasise the dependence on the area form we refer to this as the strong 
Hele-Shaw flow with respect to p (or with respect to k). 


We shall now prove that a strong Hele-Shaw flow of simply connected domains is also 


the Hele-Shaw flow defined using envelopes, as in Definition 2.3 


Lemma 2.9. (Richardson 1161 ) Suppose that is a smooth family of strictly 

increasing simply connected domains in C containing the origin that satisfies 


Vt = -nS/pt on dflt (4) 

as in (13}. Then for any integrable subharmonic function h on ^It, ond to < t we have 

f /i— > (t — to)h{0). 


Proof We compute 


1 




dpt 


— / h—dA = / h—ds = — h——ds 


dt 


tdUt 


>dnt 


dn 


= [ - h{lSpf)) dA - f Pt^ds > h{0) 

jQt JdQ.t 


since A/i > 0 and pt = 0 on d^t and Ap* = —Sq. 


□ 


Corollary 2.10. With the assumption of the above lemma, suppose that a = 0 and tends 
to {0} as t ^ 0, that is given any neighbourhood U of the origin fit C U for t sufficiently 
small. Then for any integrable subharmonic function h on fit, we have 

[ h— > th{0). 

Jnt 

and moreover equality holds if h is holomorphic. 

Proof Taking the limit as fp 0 in the above Lemma gives the first statement. The 
second follows as if h is holomorphic then h and —h are subharmonic. □ 

Proposition 2.11. (Gustafsson) Suppose that {flt}teio,b) is smooth family of strictly 
increasing simply connected domains that is the strong Hele-Shaw flow with respect to n, 
and assume tends to {0} as t ^ 0. Set 

f{z)= [ log|z-CP^-log(l + |zp)/or^eC. 

Jc k{C) 

Then {flt}tG{o.b) is the Hele-Shaw flow with respect to u:^ := dd'^(log{l |zp) -f f). 

Proof For the proof we shall write := {z & X : ijjt{z) < fiz)} for the Hele-Shaw 
flow with respect to uj ^), so the goal is to prove flf = fit- Define 

Mz):= [ \og\z-C\^^-\og{l + \z\^)+t\n\z\^. 

Jni k(C) 

Then by construction > 0 and i'o{'ft) = t. As h{C) log \z — CP is subharmonic 
and integrable, we get from the previous Corollary that for all 2 ; £ C 

f(z)-Mz)= f log|z-CP^-tln|zp>0. (5) 

Jnt ^(C) 
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Hence ijjt < 4> making it a candidate for the envelope defining ipt, and hence ipt < V't- In 
fact more is true, and if z ^ then h is holomorphic on so equality holds in (|^, and 
hence 

V't = V't = on fit. 

Now - 04 +log(l + |zp) and '0t+log(l + |zp) are both harmonic on fl(\{0} (by Proposition 
|2.5[ 4)) with Lelong number one at 0. Hence by the maximum principle 'ipt = i/’t on fit \{0} 
as well. Thus we conclude fl“ = fit as desired. □ 

Remark 2.12. Although we will shall not really need it, we remark that there there is a 
converse to this, which says that if the Hele-Shaw domain fl^ (with respect to w + d(F(j)) 
is a smoothly bounded Jordan domain for some T G (0, V) then there is an e > 0 such 
that {flf}tg(T-e,T+£) is actually the strong Hele-Shaw flow. Thus the hypothesis that 
{fit} varies smoothly in Theorem]^ (as well in Deflnition |l.l| is redundant. The proof of 
this statement follows easily from the work in mi; specifically from ifTSl Remark 3.12] 
the Hele-Shaw domains fit all lift to holomorphic curves St in C x with boundary 
contained in the submanifold given as the graph of The hypothesis on Ht imply that 
St is a holomorphic disc, at which point we can run the proof of ifTSl Theorem 2 . 2 ]. 

Finally, we state two previous results of the authors that give existence results for the 
strong Hele-Shaw flow. The first says this flow always exists for small time. 

Theorem 2.13. mi Theorem 2.1] The Hele-Shaw flow for any Kahlerfonn is the 

strong Hele-Shaw flow for short time t G (0, e), e > 0, and in this range is diffeomorphic 
to the standard flow B(t). 

The second says that any simply connected bounded Jordan domain fl is part of a strong 
Hele-Shaw flow, both backwards and forwards in time, as long as one allows a modification 
of the area form inside fl. 

Theorem 2.14. mi Theorem 2.2, Remark 7.1] Let p be a smooth area form on C and fl 
a smoothly bounded Jordan domain containing the origin. Then there exists a smooth area 
form rj' on a neighbourhood ofLl'^ such that rj = rj' on fl"^ and so that fl = Ht is part of a 
strong Hele-Shaw flow {flt}tg(T-e,T-i-e) with respect to rj'. 

3. Designer Potentials 

In this section we show how to produce potentials with particular prescribed properties 
(we do this only on P^ but a similar story holds for D). We first show that any (reasonable) 
strictly increasing family of smooth domains in P^ is the Hele-Shaw flow for some smooth 
Kahler potential. Recall Bit) denotes the geodesic ball centred at the origin of area t taken 
with respect to ujfs- 

Theorem 3.1. Suppose {flt}tG(o,i) B a family of subsets o/P^ that is 

( 1 ) smoothly bounded, varies smoothly, and is simply connected for all t, 

(2) increasing, i.e. Lit <s fit' for t < t', with non-vanishing normal velocity of the 
boundary dLlf, ond 

(3) standard as t tends to 0 and as t tends to 1. 

Then there exists a smooth f G C°°(P^) such that {flt}tG(o,i) B the Hele-Shaw flow with 
respect to the Kahlerfonn ujfs + dd'^f. 
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Proof. The idea of the proof is to construct a smooth function k on C such that {fit} is the 
strong Hele-Shaw flow with respect to the permeability k. Since {flt}tg(o,i) is assumed to 
be standard as t tends to 1 we have C C for all f S (0,1) and so by Lemma 2.6 we may 
as well consider the Hele-Shaw flow as taking place in C. Let pt satisfy 


Pt = 0 on dVlt and Apt = —^o- 

As already mentioned, the fact that pt exists and is smooth on Ht \ {0} is classical. What is 
also true is that pt varies smoothly with f; this is presumably also well-known in some cir¬ 
cles, but since we were not able to find a convenient reference we give a proof in Appendix 

s 

Assuming this smoothness for now, we use pt to define a function k by requiring that 


Vt = —ri^pt on dVlt for t G (0,1) 


( 6 ) 


where Vt is the normal velocity of dVlt- Since {Ht}tg(o,i) is increasing smoothly and Vt 
was assumed to be non-vanishing we see that k is a well-defined strictly positive smooth 
function on C \ {0}. 

Now we use the assumption that {Ht}tg(o,i) is standard as t tends to zero to deduce that 
K extends to a smooth function over 0. Assume f ^ 1. By explicit calculation with the 
Fubini-Study metric one computes that Ht = { 2 :GC: \z\ < Rt} where 


Rt ■= 



Thus pt{z) = ~^(log Izp — log(i?()). Clearly k is radially symmetric near 0, so it is 
sufficient to compute it at a point zt := {Rt,0) for small t. To do so observe that at Zt we 
have 


Vpt 


- — ( ^ 

2TTRt V 0 


On the other hand the normal velocity of dQ.t at the point Zt is J) and so the defining 
equation (|^ for k becomes 

1 1 _ K(zt) 

~ 27TRt' 

After some calculation this yields 


k{z) = 7r(l + \z\^)^ near z = 0 


(7) 


which clearly extends smoothly over z = 0. 
Now define 


4){z) = [ log \z - - log(l + for z G C 

Jc k(C) 


which is a smooth function on C chosen so that 


dA 


dd‘^{\og{l + \z\ ) + f) = — on C. 

K 


( 8 ) 


(9) 


Using that i) is standard as t tends to infinity we have that 0 also holds for 

|z| sufficiently large. We claim this implies f extends to a smooth function on and 
is Kahler on P^. To see this, start with the identity 


1 




(1 + ICP)^ 
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(this can be seen by noting that the difference is harmonic on C bounded and equal to zero 
at z = 0). Now the same calculation as above means the assumption that {fl*} is standard 
as t tends to 1 implies C > 0 such that 0 holds on {l^l > C}. Therefore 


^(z) 


1 

TT 


f\z\<C 


log|z 



(1 + ICP)^ 


dA^ 


which one sees extends smoothly over 2 ; = oo in such a way that makes Kahler as 
claimed. (We remark that this can also be seen abstractly, since the flow being standard 
near 0 and 00 means that k has to agree with the permeability for the standard flow for 
(P\ Wfs)-) 

Now by construction {flj} is the strong Hele-Shaw flow with respect to k, and hence 
by Proposition jZTTj is the strong Hele-Shaw flow for + dd‘^(j) as desired. □ 


Remark 3.2. We observe that the above proof actually shows slightly more, namely that 
if is a smooth family of strictly increasing domains that is standard as f —?► 0 

then setting X' := there exists acj) G C°°{X') such that {i^t}tG(o,T) is the Hele-Shaw 
flow for {X',uj^). 


Now let S' be a hnite union of points and non-intersecting smooth embedded curve 
segments in \ {0}. Using similar ideas to above we now show that there are Kahler po¬ 
tentials whose Hele-Shaw flow is smoothly bounded and simply connected until it develops 
a tangency along S. 

Proposition 3.3. There exists a (j) G C°° (P^) such that u)^ is Kahler and whose associated 
Hele-Shaw flow develops tangency along S. 


Proof. It is clear that one can And a simply connected domain H containing 0 such that 
is the image of a smooth locally embedded curve 7 intersecting itself tangentially 
precisely along S and so \ S is connected as in Figure (use induction on the number 
of components of S). Let 


T := 


LOpS- 


We construct the Hele-Shaw flow backwards starting at Vtp '■= H. 

Pick a point Zi in each connected component of P^ \ Hr, and let tt be the projection 
from the universal cover E of P^ with the points Zi removed. Then 7 lifts to a smooth 
embedded curve in E and so 7 r“^(Hr) is a disjoint union of copies of Vlp. We pick one 
of them and call it D! which is smoothly bounded and simply connected. Then Theorem 
|2.14| implies that there exists a smooth area form p' on a neighbourhood of E \ H', equal 
to 77 := TT*ojps on E \ H', such that the strong Hele-Shaw flow exists starting from fl' 
with respect to 77 ' for a short while backwards in time. We denote the projection of this 
Hele-Shaw flow to P^ by {nt}t^(T-e,T]- 

We then extend this to a family of domains Ht, f G (0, T), in P^, with the properties 


as in Theorem 3.1 so by this Theorem and Remark 3.2 we have an area form w' on ftp 
such that {U(}jg(o,T) is a strong Hele-Shaw flow with respect to cu'. We also have that 
uj' = ujps on rip \ Ht-c. We can thus extend w' to a smooth Kahler form on P^ by letting 
it be equal to uips on P^ \ flp. Thus {Ut}jg(o.T) is the strong Hele-Shaw flow with respect 
to the area form w' on P^, and thus also the Hele-Shaw flow by Proposition |2.1 1[ 

On the other hand, by the continuity of the Hele-Shaw flow (applied on E) it follows 
that idp is the Hele-Shaw domain of w' at time T. Thus if 0 is a smooth function so that 
w' = ujps dd'^f we get that the Hele-Shaw flow with respect to f develops a tangency 
along S at time T. □ 
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Remark 3.4. If we assume in addition that S is such that one can hnd such an fix with 
real-analytic boundary, then instead of the previous result of the authors (Theorem 2.14| i 
one can use the classical short-time existence result of the Hele-Shaw backwards starting 
with simply connected domain with real analytic boundary. 


4. Dirichlet Problem for the Homogeneous Monge-Ampere Equation 

4. 1 . Preliminary definitions. We first recall two versions of the Dirichlet Problem for the 
complex homogeneous Monge-Ampere Equation, first over the disc and second over the 
punctured disc. In the following {X, uj) will be either with the Eubini-Study metric 
ujps with area 1, or X is the unit disc D with the Poincare metric ujp. Again we let 
(j) S C°° (Ai) be such that oj + dd^cj) is Kahler and ttx : AT x D —>■ Ai and ttd : AT x D —J- D 
be the projections. 


$ := sup 


Definition 4.1. (Weak Solution) 

(1) Let 

?/;: AT X D —)■ K U {—oo} : ij} is use, + dd'^4’ ^ 0 
and 'ip{z, t) < for (z, t) G X x 9D. 

(2) Let 

i_ f '0:2fxD—{—oo} : tp is use, TrJfW + dd'^ip > 0 

sup ^ t) G X X 9D and i^(o,o)(V') ^ 1 


( 10 ) 


( 11 ) 


So the difference between these two definitions is that in the second the boundary data 
is S^-invariant but has an additional requirement of giving a prescribed singularity at the 
point (0,0). However these two quantities carry the same information as given by; 


Proposition 4.2. We have that 

4>(z, r) -I- In |rp + ln(l -f \z\^) = l■(rz, r) -f ln(l -f \tz\’^) for (z, t) e P^ X . 


Proof. This is proved in lfT9l Proposition 2.3] using a blowup, but it can also be seen 
directly from the definition that $(z, rj-l-ln |rp-|-ln(l-|- |zp) —ln(l-|- jrzp) is a candidate 
for the envelope defining 4)(tz, r), giving one inequality and the other inequality is proved 
similarly. □ 


Definition 4.3. (Regular solution) We say that <1> is regular on an open subset S' C AT x D 
if it is smooth on S and the restriction of -f dd^^ to Sr 7ro^(T) n S is strictly 
positive for all r S D. Similarly we say $ is regular on S if it is smooth on S \ {0} and 
the restriction of -I- dd'^^ to Sr is strictly positive for all t G . 

Einally we say that $ (resp. $) is regular if it is regular on all of X x D (resp. X x ). 

By well-known arguments, $ is use, + dd^^^ > 0 and (Tr^fW -f = 0 

away from (0,0) and <h(z, t) = (j){z) for r G dD. Moreover it is not hard to show that $ is 
locally bounded away from (0, 0) and i^(o,o) ® = 1- Thus $ is the weak solution to Dirichlet 
problem to the Homogeneous Monge-Ampere Equation with boundary data consisting of 
(j){z) on X X i9D, and this prescribed singularity at (0,0). Thinking of s := — In |rp for 
T £ as a time variable let 4>|s(-) = $(•, s). Then the map 

s !->■ w -I- dd’^^s 


is a weak geodesic ray in the space of weak Kahler metrics that starts with uj + dd'^cj) and 
has limit the singular potential In |zp as s tends to infinity. Moreover if $ is regular 

this is a smooth geodesic in the space of Kahler metrics. 
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Similarly $ is the weak solution to the same Diiichlet problem over X x D with pre¬ 
scribed boundary (j){Tz) over X x 9D. 

4.2. The Duality Theorem. The duality between $ and the Hele-Shaw envelopes -ipt is 
provided by the following: 

Theorem 4.4. (Ross-Witt-Nystrom US] Theorem 2.7]j Let ipt be the Hele-Shaw envelopes 
associated to {X, w, (f>) and <i> be the weak solution to the Homogeneous Monge-Ampere 
Equation as defined in O- Then 

i’tiz) = inf {l>( 2 ;,r) - (1 - f)ln|Tp} (12) 

|r|>0 

and 

l>(z, r) = sup{r/>t(z) -f (1 - t) In |rp}. (13) 

t 

Remark 4.5. In lfT9l this theorem is proved when = P^, but precisely the same case 
works when X is the disc. 

5. Regularity of Geodesic Rays 

Let (^, oj) be either (P^jW^s) or (D,ajp) with V := f^uj € {l,(x:}, and let G 
C°°{X) be such that w -I- dd'^fi is Kahler (when = D we also assume to be bounded). 
We continue with the notation from the previous section, so $ is as defined in ( [TT] l. 

Definition. Let /: D —>^ Jf be holomorphic. We say that the graph of / is a harmonic disc 
for $ if $ is TT^w-harmonic along the graph of /|dx . That is, the restriction of 7 r^aj-|-dd'^<I> 
to {(/(t), t) : r G D, r 7 ^ 0} vanishes. 

Definition 5.1. We define 

H{z, t) := for (z, t) G x 

where s := — In |rp (so when |r| = 1 and thus s = 0 we take the right derivative). 

We recall that by a result of Chen Q, with complements by Block! ID, the function th 
is and thus this dehnition makes sense, and H is continuous (even Lipschitz but we 
will not use this). 

Lemma 5.2. The function H is constant along any harmonic disc 0 /$. 

Proof. Let El = + dd‘^^. Then one calculates that dH = where is the 

infinitesimal action of the natural S'^-action given by e*® • (z,t) = (e®®z,e“*®T) for 
(z,r) G X (this is essentially as in flT] Theorem 3.14]). This proves that H is 
constant along any harmonic leaf as required. □ 

The connection with the Hele-Shaw flow is given by: 

Proposition 5.3. 

i7(z, 1) -I- 1 = sup{f : ipt{z) = fiz)} = sup{f : z ^ fit}. 

Proof This is ifT^ Proposition 2.8] and for convenience we repeat the proof here. From 
( fT3| ) if = (j}{z) then 

l>(z, > {t — l)s -I- (j){z) 


and thus 


H{z, 1) > supjf : tptiz) = fiiz)} - 1. 
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Suppose < (j){z) + a for some a < 0. One can easily check that for a fixed z the 

function t' i—> 'ipt' (z) is concave and decreasing in t', so fort<t'<V and s > 0 we have 
ipt' (z) + {t' — l)s < (j){z) + a. On the other hand we always have tpt' < (/> so if 0 < t' < t 
then ipt'iz) + {t' — l)s < (/)(z) + {t — l)s. Putting this together with ( [T3] l gives 

$(z, < (j){z) + max((f — l)s, a) 

and so 7J(z, 1) < f — 1, which proves the proposition. □ 

Theorem C. Suppose the flow Hele-Shaw { 0 (} 4 g(o.v) for a Kahler form u}+dd'^4> satisfies 

( 1 ) {Ot}tg(o,v) is smoothly bounded and varies smoothly with non-vanishing normal 
velocity, 

(2) is simply connected for all t G (0, V), 

(3) ifX = pithen{Ot} te(o,v) is standard as t tends to 1 . 

Then the weak geodesic ray ( [T3] l obtained as the Legendre transform of the Hele-Shaw 
envelopes {t/jt} is regular, and so dehnes a smooth geodesic ray in the space of Kahler 
metrics on X. 


Proposition 5.4. With the assumptions as in Theorem\C\let ft : D —> he a Riemann- 

mapping for that maps 0 to 0. The the graph of ft is a harmonic disc for $. Another 
harmonic disc is given by the graph of the constant function /o(t) = 0 and when 
yet another is given by the graph of f^oir) = oo. Finally the union of all these harmonic 
discs form a smooth foliation of X x D . 


Proof From ([T3]l we have that 


$(/(r), t) > iptifiT)) + (1 - f) In |Tp. 


Now the left hand side is Tr^w-subharmonic whilst the right hand side is Tr^w-harmonic 
for T f 0. Since /(t) escapes to inhnity in Ht as |r| —^ 1 the left hand side approaches 
the right hand side as |r| —> 1. Hence by the maximum principle we deduce that in fact 

t) = iftifir)) + (1 - f) In \t\^. 


which is TT^w-harmonic for t fQ. The fact that the graph of /o is a harmonic disc is clear 
as the boundary data is invariant for the iS^-action e*® • (z, t) = (e*®z, e“®^T), and hence 
so is $, meaning that $ is actually constant along the graph of /o (and similarly for /oo 
when X = P^). 

That these harmonic discs X x D do not intersect for different values of t is clear from 
Lemma 5.2 and Proposition |5 .3 1 (which together say that H = t — 1 on ft for t G (0, V)) 
and the union of all these discs cover X x D since the union of the ilt cover X. 

Now by Theorem |2.13[ the foliation is diffeomorphic to the standard one B(t) for 
t G (0, e) for some e > 0. This proves the foliation by harmonic discs is smooth in a 
neighbourhood of {0} x D. When X = P^, the assumption that the Hele-Shaw flow is 
standard as t tends to 1 ensures the foliation is also smooth near {oo} x D. That these 
harmonic discs give a smooth foliation in the remaining part of X x D is immediate from 
the hypothesis that the normal velocity of {H(} is non-vanishing, as we can arrange so that 
the Riemann mapping /j: D —that takes 0 to 0 varies smoothly with t since varies 
smoothly in t. □ 


Remark 5.5. We remark that the hrst part of the above is the easy direction of lfT9l The¬ 
orem 3.1] which actually gives a complete characterisation of harmonic discs in terms of 
the simply connectedness of the Hele-Shaw flow domains. 
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Remark 5.6. One can avoid using the previous work of the authors (Theorem |2.13[ ) if one 
assumes in addition that {Oj} is standard as t tends to 0. 

Proof of Theorem^ This is an almost immediate consequence of the existence of the 
smoothly varying foliation by harmonic discs provided by Proposition |5.4| (this is essen¬ 
tially contained in ||6l). Let D = {(/(r), r)} be such a harmonic disc away from {0} x D 
(and away from {oo} x D when X = P^). Then <h(/(T),r) is harmonic along D with 
Lelong number one. Thus by the mean-value property of harmonic functions, $|d can be 
expressed as an integral of $ over dD. But ^ f over dD (which is smooth) and the 
foliation varies smoothly, from which we conclude that $ must in fact be smooth. Since 
the foliation is diffeomorphic to the trivial foliation near {0} x D one sees that in fact $ 
is also smooth near {0} x D (and similarly for {oo} x D when X = P^). This proves 
smoothness of $ over X x . 

For the regularity we argue as follows. For r f 0 let T^-: ^ (1) —>■ ttj} ^ (r) be the flow 
along the leaves of the above foliation and set Vlr := 'k*xOJ f s + (r)- Th^n by what 

is now considered a classical calculation (originally due to Semmes 12211 and Donaldson 
Q, see also ini Proposition 3.4]) we know T*Q.r = fli. But fli = is certainly strictly 
positive, and hence 0 ,^ is strictly positive as well. □ 


6. Explicit Singularities 


We now give a proof of Theorem [B| and show that a potential whose Hele-Shaw flow 
that develops a tangency along a set S gives a singularity of the associated weak solution. 


Example 6.1. The reader may find the following simple example instructive. Suppose 
(j) develops tangency at a single point S = {zq}. Then we may find smooth coordinates 
(x, y) centered at zq such that 

dilt = {y = x'^ + {to - t)} U (y = - (to - t)} near zq. 


Let h ■= Hf, 1) where H is as defined in ( |5.1] l. Notice that if |?/| is sufficiently small 
then (0, ±y) lies in fit for t sufficiently close to to- Thus Proposition |5.3| says that for |?/| 
sufficiently small 


h{ 0 ,y) 


to-y-^ y>0 
fo + 2 /-i y <0 


and so ^ does not exist at the origin. Hence $ is not at the point (zq, 1), and by 
Proposition|4.2|the same must be true for T*. 


Theorem B. Let S' be a finite union of points and curve segments in P^ \ (Oj. Let f € 
C°° (P^) be a Kahler potential and suppose the Hele-Shaw for w -f dd'^f develops tangency 
along S. Then the weak solution T* from Q to the Dirichlet problem for the HMAE 
on P^ X D with boundary data (z, t) i—>■ 4>{tz) is not twice differentiable at the points 
(t-1z,t), z G S, |t| = 1. 


Pro of of Theorem^and Theorem^ Suppose first that f is as produced by Proposition 
That is, we have picked points Zi in each component of P^ \ fix and tt : E —>■ P^ \ {z^j 


3.3 


is the universal cover, and is the pushforward of a strong Hele-Shaw flow on 

E. This implies that the normal velocity of the boundary of fit as t tends to T from below 
is nowhere vanishing. 

Now let z G S', so fir has boundary tangent to itself at z, and so fix splits locally 
into two pieces, call them Pi and P 2 . Working on Pi, the combination of Proposition |5. 3 1 
(which says that dflt are the level sets of iJ(-, 1 ) — 1 ) and the fact that fit varies smoothly 





APPLICATIONS OF DUALITY OF HELE-SHAW FLOW 


15 


imply the partial derivative of i7(-, 1 ) in the normal direction to flj is strictly negative at 
z (see Example |6.1[ ). Since the analagous statement is true for P 2 , this proves that H is 
not differen tiabl e at {z, 1). Thus $ is not twice differentiable at the point (z, 1), and by 
Proposition |4.2| the same is true for $. Then by -invariance we see that $ cannot be 
twice differentiable at any point of the form t) for z G S, |r| = 1 . 

Now if (j) is any Kahler potential whose Hele-Shaw {fl(} develops tangency along S 
then it is not hard to see from the proof of Proposition [3^ that {fit} is the pushforward of 
some Hele-Shaw flow on E call it {HJ}. The hypothesis on ensure that is smoothly 
bounded, and hence by the argument in Remark [2.12| we conclude that the normal velocity 
is non-vanishing as t tends to T from below (the reader who prefers not to invoke this 
argument may prefer to make this non-vanishing as part of the hypothesis of what it means 
to develop a tangency along S). The proof of the Theorem then follows as before. 

Finally Theoremj^follows from Theoremj^and Proposition□ 

7. An extension 


So far we have been working under the hypothesis that our Hele-Shaw flow {i^t}tG(o,u) 
is standard as t tends to 0 (and also as t tends to 1 when X = P^). We did this to ensure 
regularity of the associated potential near the point 0 (resp. 00 ) which we achieved by direct 
computation. In this section we explain how this hypothesis can be relaxed. For simplicity 
we work only with {X, uj) = (P^, ujps) but a similar story holds for the disc. 

Definition 7.1. Fet Diffo(P^) be the group of diffeomorphisms of P^ such that a(0) = 0. 
Given a € Diffo(P^) we define 

fit =a(B(t)) fort G (0,1) (14) 


where, we recall, B(t) denotes the geodesic ball centred at 0 with area t with respect to 
ujfs- Clearly 1 ) is a strictly increasing, smoothly varying family of smoothly 

bounded simply connected domains in P^ that tends to zero as t tends to 0. We claim 
that for {Ht}tg(op) constructed in this way the conclusion of Theoremand Theorem 


3.1 


still hold; that is, there exists a Kahler potential (f> such that is the Hele-Shaw 

flow for ujff,, and that weak geodesic obtained as the Fegendre transform of the Hele-Shaw 
envelopes {'0(1 is regular. 

We sketch why this is the case. Observe that the only place in which we used that 
{^^t}tG(o,i) is standard as t tends to 0 and 1 in the proof of Theorem 10 was to ensure 
that ujfj, was a smooth Kahler form at 0 and at 00 . So assume instead that p4|i holds. Fet 
ao = idpi G Diffo(]P^)^ whose associated flow is {7?(f)}tG(o.i) which is the Hele-Shaw 
flow associated to tops and, as we saw in 0, is the classical Hele-Shaw flow on C with 
permeability kq(z) := 7r(l + |zp)^ . Without loss of generality say a(z) = z + 0(|zp) 
near z = 0. Then a is C°° close to ao in a neighbourhood of z = 0 which implies that 
fit is C'^-close to B(t) for t sufficiently small. In turn this implies the permeability k 
as defined in (|^ is C°° close to kq in a punctured neighbourhood of 0, which is enough 
to imply it extends across 0 to a smooth strictly positive function. The argument near 00 
is similar: again without loss of generality say a((x:) = 00 locally given by a(l/z) = 
1/z + 0(l/|zp) near z = 00 . Given a small neighbourhood [/ of c» we can construct 
an ai that is equal to a on P'^ \ [/ and is equal to ao near 00 . Thus a is C°° close to ai 
and the same argument then applies to deduce that (p extends smoothly across 00 and is 
Kahler. Hence Theorem ICl sti ll ho lds. 

The argument for Theorem 3.1 is similar, as near {0} x D the foliation by harmonic discs 
provided by Proposition |5 .4| for a is (in the obvious sense) (7°°-close to that provided by 
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at), and this is enough to prove that $ is s moo th over { 0 } x 
near {c»} x D we conclude that Theorem 


3.1 


Arguing similarly with ai 


still holds as well. 

Accepting this argument, we see that to any a G Diffo(]P^) we have an associated 
smooth geodesic ray in the space of Kahler metrics on that starts at and has limit 
w + d(F\D.\z\’^ at infinity (i.e. as t tends to zero). Of course different a can give rise 
to the same flow, but the ambiguity is precisely coming from the subgroup of “angular 
diffeomorphisms” given by 

r := {a G Diffo(P^) : a{B(t)) = B{t) for all t}. 


Moreover this process can be reversed, since any smooth geodesic joining to oj + 
d(P\n\z\'^ comes from a regular solution to the complex Monge-Ampere Equation, and 
thus gives rise to a foliation by harmonic discs. By the harder direction of ifT^ Theorem 
3.1] we know that such discs can only be those described in Proposition |5.4| Finally it is 
clear from the proof of Theorem |3.1| that different Hele-Shaw flows give rise to different 
potentials (j) and vice versa. Thus in all we have the following explicit description of all 
smooth geodesics rays in the space of Kahler metrics on P^ that have limit ui + dd‘^ log | 2 ;p 
as follows: 


Theorem 7.2. The duality that associates a weak geodesic ray to the Hele-Shaw flow gives 
a bijection between Diffo(P^)/r and 

{4> G (Ai) : 3 a smooth geodesic ray starting ui^f, with limit OJps + dd’^ In |zp}. 

Remark 7.3. Equivalently one can encode such a flow {fit} by the smooth function on P^ 
whose level sets are dVlt (this is the approach taken in 161). 


Appendix A. Smoothness oe Greens Functions 

We collect some regularity results for elliptic operators, all of which is essentially stan¬ 
dard. Suppose I C K is an open interval and {Lt}t^i is a smoothly varying family of 
strictly elliptic operators on the unit disc D with uniform ellipticity constant. That is, we 
suppose 

Ltu = a^^{x, t)DijU + t)DiU + c{x, t)u fortGl (15) 

where G C°° (D x /) and m is a function defined on D, such that there is a A > 0 so 

that {x, t)QQ > A|Cp for all (x, <) G D x / and ^ G . We assume also c{x, t) < 0 
for (x, t) G D X I. 

Suppose now (p G C°°(dD x I), and we write Then for each t G I 

standard elliptic theory says U Corollary 6.9, Theorem 6.19] there exists a unique ut G 
C°° (D) that solves 

LtUt = 0 and utlao = Tt- 

We claim that ut is also smooth in the f-variable. To prove this it is sufficient to show it at 
t = 0 assuming 0 G /. Then expanding a*-’ , 6*, c in f we can write 

LtU = Lqu + tMiu + • • • + Mmu + 0{t^^^)u 

for some operators Mi that are independent of t. Here and henceforth we work in the C°°- 
topology so the error terms means that for all A: G N there exists a Ck such that 

this term is bounded by in the C'^(D)-norm. We wish to And an expansion for 

Ut in t, say 


Ut = Uo tVi -\ -+ t^VN + 


(16) 
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where Vi S (^““(D). To do so expand ip = ipQ tai + • • • + where 

(Tj € C'^(i9D). Then comparing coefficients of t forces the Vi to satisfy 

Lo^’i + Miuo = 0 and t;i|aD = cri 
L 0 V 2 + Mivi + M 2 U 0 = 0 and t; 2 |aD = 0-2 

and so forth. So starting with uq we may inductively define Vi, and as Lq is elliptic, the 
same elliptic regularity guarantees Vi G To see that ( [Tfil l does actually hold, 

observe that by construction the difference wt := Ut — uq — tvi — ■ ■ ■ VNt^ satisfies 

LtWt = and wtloB = 

Then, by elliptic theory again ||9] Corollary 8.7, Theorem 8.13] this implies wt = 
in the C°° (D) topology (here we are using that the elliptic constant for Lt is uniform over 
t G I to apply E Corollary 8.7] uniformly over /), which gives As this holds for all 
N, the map 1 1 —>- ut is smooth in t, which implies u G C°°(D x I) as claimed. 

For the application we have in mind, suppose that is a smoothly varying family 

of smoothly bounded simply connected domains in D containing 0. We may assume 17* = 
at (D) where a: D x / —>■ C is smooth. Then set 

Lt{u) := {A{u o at^)) o at 

where u is a function on D and A is the standard Laplacian on C. Then {Lt}t£i is a 
smoothly varying family of elliptic operators with uniform ellipticity constant, as in •[ID- 
Set r(z) := log and tpt = F o at so C C°°(9D x I). Then by the above discussion 
we know there exists a u S C°° (D x I) such that 

LtUt = 0 and utlsD = F o at. 


Finally set 


Pt ■■= Ut o at^ - r 

so by construction Apt = 0 on fit and pt |nt = 0, that is pt is minus the Greens function for 
fit with logarithmic pole at 0. From this we see that pt varies smoothly in t, in particular 
the quantity Vpt on clflt is a smooth vector field on Utg/flt which is precisely what we 
used in the proof of Theorem [TT] 
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